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Abstract

In this work, the relationship between splines and the control theory has been an-
alyzed. We show that spline functions can be constructed naturaly from the control
theory. By establishing a framework based on control theory, we provide a simple
and systematic way to construct splines. We have constructed the traditional spline
functions including the polynomial splines and the classical exponential spline. We
have also discovered some new spline functions such as trigonometric splines and the
combination of polynomial, exponential and trigonometric splines. The method pro-
posed in this paper is easy to implement. Some numerical experiments are performed
to investigate properties of different spline approximations.

1. Introduction.

Spline functions are well known and are widely used for practical approximation of func-
tions or more commonly for fitting smooth curves through preassigned points. Spline tech-
niques have the advantage over most approximation and interpolation techniques in that
they are computational feasible. Most of the published spline algorithms are for polynomial
splines and the vast preponderance. are for cubic splines. There is a small but excellent lit-
erature on the so called exponential splines and there is an even smaller literature on splines
with more or less arbitrary nodal functions, [9, 3].

In this paper we will present a common frame work for splines that includes polynomial
splines of all orders and generalized exponential splines of all orders. This common frame
work is based on ideas from linear control theory. Let’s recall some basic ideas from control

theory. A linear control system is a differential equation

d - S
Em(t) = AZ(t) + Bu(t)



where £ € R®, ¢ € R™ and the matrices A and B are constant matrices of compatible
dimension. The vector £ is the state of the system and the vector @ is the control. The idea
is that we can use the control @ to steer the state from point to point in the state space R".
We can think of the first component of Z as representing the position of the system and for
appropriate A the second coordinate is the velocity, the third acceleration, etc. A common
situation, for example in air traffic control, is to specific the position that the system must
be in at a sequence of times. So in fact what we have is a set of points through which
the system must traverse at specified times. One could fit these points with a spline curve
and then ask for the control that would move the system along that trajectory. In fact this
can be done but we will show that the control law can be developed from natural control
theoretic principles that will move the system through the points at the desired times and the
resulting curve will be piecewise analytic and will have 2n — 1 continuous derivatives, i.e. a
generalized spline. With this framework we can construct a wide variety of spline functions.
If the matrix A is nilpotent then the resulting construction is just that for polynomial splines.
If the matrix is 2 x 2 and one eigenvalue is zero and the other is a nonzero real number then
the spline is the usual exponential spline. In general the nodal functions are the coordinate
functions of the matrix function e4!.

In this paper we give a unified treatment of all of the common one dimensional spline
functions using simple ideas from control theory. It is coming to be understood that there is
a large overlap between linear control theory and elementary numerical analysis. Eigenvalue
methods are know to be closely related to the theory of the matrix Riccati equation (2], there
are close relations between observability and quadrature techniques [8], system identification
and Prony’s method are very similar (1] and now we see that the spline constructions and
basic linear controllability are manifestations of the same phenomena.

In Section 2 we review basic material from the theory of linear control systems that is
needed for the development and give a condition that characterizes the optimal control law
that generates the spline functions. In Section 3 we give the details of the construction
of spline functions using control theory and in Section 4 we classify the possible classes of
spline functions that arise from the control theoretic construction. I Section 5 we examine -
in detail some of the particular classes from Section 4 and finally in Section 6 we present a = o
series of numerical exa-mples compgring the various classes. |



2. Some results from the control theory.

In this section we collect a series of results from linear control theory. Most can be found
in any control theory textbook. See, for example, the book by Brockett, [5].

Consider the linear system:

d -
9 5(t) = a7 + But), te (0,7} (2.1)
with
0 1 0 0 0 z1(t)
0 0 1 0 0 z4(t)
A= L P ) b= ()= : , (2.2)
0 0 0 - 1 0 Zmoa(t)
a; a; as Am 1 Tm(t)

and the observation function

y(t) = & z(t), & =(1,0,---,0). (2.3)
Let us divide [0, T] into n subintervals as

O=to<ty < o+ <tnog <tn=T,

and define hy = tx — ti_1, the length of the rth subinterval. Our goal is to find a control
law u € C™2[0, T] that drives the system (2.1) from #(0) = £° to &(T) = £ such that the

observation function y(t) satisfies the interpolation conditions
y(te) =, k=1,---,n—1 (2.4)
Furthermore, u(t) minimizes the functional
T
/ u(s)%ds. (2.5)
0

Such a control is called an optimal control.

Definition. The system (2.1) is called controllable if for any £° Z7, and 7 > 0, there is

a u(t) such that, . .
' 5 =F(r) 2 AR 4 / eAT=Fu(s)ds.
0

Theorem 2.1 : The system (2.1) is controllable if and only if
rank (b, Ab, .-, A™1E) = m. : (2.6)
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For the special matrix A as in (2.2), it is easy to verify that

00 01
00 --- 1 % -
(5, AB,--- A"y =] : : ..t 1], (2.7)
01 --- * =*
1 * -« % x

and hence the condition (2.6) is satisfied. From Theorem 2.1, the system (2.1) is controllable.

Theorem 2.2 : The system (2.1) is controllable, if and only if the matriz /T e~ ApbTe=AT2 s
0
is invertible.

For the special matrix in (2.2), we then define
t
M(t) = ( / e~ 4B e=AT*ds) 1., (2.8)
0

Theorem 2.3 : When the system (2.1) is controllable, a control that moves the system from

Z(t) = pr to Z(f) = pr given by
t -
u(t) = Bre~47¢( / e~ A BB e~ AT ds) " (e~ jr — e~ ApL), (2.9)
t
minimizes the functional J(v) = / v?(s)ds among all controls that move the system from

Z(t) = pi to £(t) = pr.

Theorem 2.4 : When the system (2.1) is controllable, a control u € C™~%[0,T] that moves

the system from &(0) = £°, passing through & Z(t) = ax, to F(T) = ZT is'given by
n—1 m
u(t) = 3 Befe(t) + D %igilt), (2.10)
k=1 t=1

with .
Fi(t) = { gfeA(trt)b : ;::: k=1,---,n—1,
gi(t) = é‘?e“‘('"")g, ' i=1,---,m,
where &7 = (1,0,-++,0),-++,&% = (0,-++,0,1), and B¢ s, 7’ are determined by n—1 interpo-
lation conditions ¥ Z(ty) = ax and m boundary conditions T(T') = #T. Moreover, the control



(2.10) minimizes the functional J(v) = /T v?(s)ds among all functions v € C™~%[0,T] that
drives the system (2.1) from #(0) = z°, poassing through & Z(tx) = ax, to £(T) = T .

The construction of the optimal control is based on Hilbert space techniques and is based
on writing the interior constraints in terms of a linear variety defined in terms of the functions
f(t) and the terminal constraints in terms of the functions g;(t). Once the constraints are
written in terms of linear varieties the form of the optimal control is clear based on the
orthogonal complement of the intersection of the varieties. this is a standard technique and
is found for example in [7] or [6]. The proof of Theorem 2.4 is based on two facts: (i) u(t)
defined by (2.10) is m — 2 times continuously differentiable; (ii) fi’s and gi’s are n +m — 1
linearly independent functions. In the following, we verify (i) and (ii).

(i) From the construction (2.10), we only need to show that
f’g")(tk)=0, r=0,---,m—2, k=1,---,n—1.

Indeed, forallk=1,---,n—-1,r=0,---,m — 2,

im ) = lim & (=A) e 95 = (-1)7eTA"b =0,
_im

by virtue of (2.7). Hence fi(t) is m — 2 times continuously differentiable, and so is u(t).

(ii) Set Z'y,-g;(t) =0for t€[0,7T], i.e.,

i=1

F(t) = 3oyl eAtn0f = fTeAta=0F =,
=1

-

with 57 =%"+;&. Then we have F{")(t) =0 on [0, ], especially

=1

FO ) =T (-A)8=0, r=0,---m—1.

Therefore,

A, Ab, -+, A™1h) = O7.
In light of (‘2.7),.‘;5' is a zero vector and consequently, 7; = 0,z = 1,---,m. So gi’s are m
linearly independent functions.

Next we set

Bt froa(t) + f},.-;;,-(t) =0, te[0,T]. (2.11)

i=1
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If Bo_s # 0, then )
' faca(t) = — 51_1 3 igilt)- (2.12)

i=1

By the definition, fo—1(t) = 0 on (ts-1,¢n), So ny.g‘ =0 for t € (ta-1,ts) which yields

4 =0,1=1,---,m, and hence f,—1(t) =0 by (2 12). This is a contradiction. Then (2.11)
yields B,_; = 0, and consequently v; = 0, ¢ = 1,---,m. So f._1 and ¢;’s are m + 1 linearly
independent functions.

Continue the above procedure by adding fi’s one by one, we are able to show that fi's

and g;’s are m + n — 1 linearly independent functions.

3. Construction of splines by the control theory.

Theorem 2.4 implies that an optimal control for the system (2.1) (with A given by (2.2))
is unique. But in general, 8’s and 7;’s in (2.10) are difficult to find, we then introduce
a practical procedure to construct a control law that satisfies all the requirements. This
control law actually leads us to a construction of spline functions.

By the existence of a control law, there exists a set of points &', ,&! with z¥ =
o, k = 1,---,n — 1 such that the solution of the system (2.1) satisfies Z(x) = Tk =
0,1,---,n —1,n. By virtue of Theorem 2.3, a control law that satisfies all the requirement

can be defined piecewise as

u(t)l[ik-l.fk] =wu(t), k=1,---,n, (3.1)
where u.(t) is given by (2.9) with ¢ = tx_y, t = ti, pr = %=1 and jr = z*. Then equations
to find (n — 1)(m — 1) unknowns in £',---,Z""! (recall that z§f = ex k = 1,---,n — 1, are
known) come from (n — 1)(m — 1) continuity ®onditions on u(t), i.e.,

u(te) = ulli(t), r=0,---,m=2, k=1.--,n~-1 (3.2)
From (2.9),
- t
ul(ts) = (ATB)Te 4 t( / Y e AsEET e AT ds) T (e At g — e~ A1) (3.3)
tx—1 . .-
- txt1
upp(te) = (ATB)Te ATt( / T AT e AT gs) T (e At FEHL oA ) (3.4)
tx

Next, we shall simplify (3.3) and (3.4). Toward this end, we introduce a change of variable

s = te_1 + §' into

(/tk e~ A Gl e ATsds)l = (e~At- /hk e‘A"We'AT"ds'e'ATt*")—1
0 ]

th—1

-
.



eATth=1 M (R )eAt, (3.5)

where M (k;) is defined by (2.8). Substituting (3.5) into (3.3), we have

w7 () = (ATB)Te AT M(hy) (e~ e g* — 2*71). (3.6)
Similarly,

ul) (te) = (ATB)T M(hpr) (e M 4+ — 7). (3.7)
Substituting (3.6) and (3.7) into (3.2) yields a linear system for (n —1)(m — 1) unknowns in
..,

—(ATBY e AT M (h)Z + (ATB) (AT M (i)™ + M(his)IE*
—(A BT M (g )e An1g*4t =0, r=0,---,m—-2, k=1,---,n-1. (3.8)

By virtue of the existence and uniqueness of the optimal control, the linear system (3.8) has
a unique solution and hence its coefficient matrix is invertible.

In order to solve (3.8), The following quantities needs to be calculated, A", e
and M(h). Sometimes it is easier to use the Jordan matrix of A, denoted by A. There exists

an invertible matrix Q such that A = QAQ™!, and hence

~Ah (e—ATh)’

= QArQ—l, e-—Ah — Qe_AhQ_l, e—ATh — Q-TC_AThQT. (39)
= /ohQe""’Q“WQ'Te‘“T'QTds)"‘ =QTM(R)Q™, (3.10)

where . -
M(R) = ( /0 e A Q1 H(Q1B) e A *ds) 1. (3.11)

Substituting (3.9) and (3.10) into (3.8), we then have

_(ATQ—'IE)Te‘AThk M(hk)Q_lfk—l + (ArQ—lg)T[e—ATh"M(hk)e_Ah" + M(hk+1)]Q—lfk
_(ATQ_IE)TM(hk+1)e—Ahk+1Q—lfk'f'l = O, r= 0,...,m_2’ k= l,---,n— 1.(3_12)

Solving (3.8) or (3.12) for (n —1)(m — 1) unknowns in Z1,---,8*71, we then have the control
u(t) defined piecewise by (3.1). The solution of the system (2. 1) is thus given by
t -
(t) = eM° +/ A=) bu(s)ds
0

= Q(eMQ %+ AteA(‘—’)Q'l&(s)ds). (3.13)



Note that z!(t) = z;41(t), ¢ = 1,---,m — 1. So the continuity of z{(t) is continuity of
zi41(t) for i < m. Further, continuity of z{™*")(¢) is continuity of u()(t), r = 0,.--,m — 2.
Therefore, the observation function y(t) = &7 Z(t) = z1(t) is a 2m — 2 times continuously

differentiable function that satisfies the boundary conditions
y(r)(o) = Zpi y"(T) = x?+1’ r=0,---,m—1 (3.14)
and the interpolation conditions
y(ty) =2y, k=1,---,n—1 (3.15)

Hence y(t) is a spline function. We see that from the control theory, we can derive quite
general spline functions. Summing up, we have proved

Theorem 3.1 : (1) There ezists a unique function y(t) € C™*(0,T] that satisfies the
boundary conditions (3.14) and the interpolation conditions (3.15); (2) y(t) is the first com-
ponent of the vector function Z(t) given by (3.13) in which u(s) is defined piecewise on each

subinterval [ti_1,t], k=1,---,n, by

ul(th) = Blem ATt M (hy) (e Mg — 2577)
(Q 1) Te M tmtt) Y () (e7AM Q712" — Q71E*Y), (3.16)

where %, k= 1,---,n—1 are determined by solving the linear systems (3.8) or (3.12) (Note
that Z°, Z* and z¥, k = 1,---,n — 1 are given by the boundary conditions (8.14) and the

interpolation conditions (3.15)).

In the next section, we will see that these splines can be piecewise polynomials, trigono-
metric functions, exponentials or any combination. As special cases, we are able to recover
classical polynomial splines (odd order) and exponential splines by properly selecting pa-

rameters aj, - - -, a4y, in (2.2) for the matrix A.

4. Classification of splines.

The type of the splines is determined by its nodal shape functions. From the control
theory, we are able to construct the nodal shape functions of splines.

In order to see the kind of interpolation functions in Z(t), we only need to consider one
subinterval. Without loss of generality, we use the first interval (to,t1) = (0, k) where the
solution of the system (2.1) is given by

t -
Z(t) = eM'Z° +/0 A=) bu(s)ds. (4.1)
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From Theorem 2.3,

u(t) = i)‘re"‘rt(‘[)h e_A’Egre'AT’ds)"l(e'A't:'i'l - 79). (4.2)
Substituting (4.2) into (4.1), we h.z.we

H) = M+ [ AT e~ ATsds M(B) (e~ 3 — °)
= QeMQT'E + M) M(h)(eMQTE - QT (4.3)

where M (k) and M(h) are defined by (2.8) and (3.11), respectively.
Theorem 4.1 : Let A be given by (2.2), let (p1(t),: -+, Pm(t)) be the first row of the matriz

AT = M(t)" M(h)] = QeM{I — M(8) M(R)Q, (4.4)
and let (q1(t)," -+, qm(t)) be the first row of the matriz

et M ()P M(h)e~ = QeMM(t) P M(h)e Q. (4.5)
Then forr =0,---,m —1,

pff)(o) = 6i,r+11 Psr)(h) = 07 t= 1’ T, (46)
qy)(o) = 01 qy)(h) = O4r41, J = 1! Cer,Mm. (47)
Proof : From Theorem 2.1 and (2.7), the system (2.1) is controllable. By virtue of

Theorem 3.3, a control that moves Z(t) from Z(0) = z° to Z(k) = &' is given by (2.9) (with

t=0,f=h, pr =1° pr = 7'), and consequently

Z(t)

(eZ° + /0 A=y (s)ds)

= AT — M(t)'M(R)|Z° + T M M(t) ' M(R)e#*&!

= (p1(t)y -+, Pm(1)Z° + (01(t), -+, gm(2))Z

St + o TaB T (4.8)

=1 J=L -

y(t) =

S

] ':’

Choose ° = & # =0 in (4:8), and we have

) =y0@), r=0,---,m-1.
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Therefore for r =0,---,m — 1,

P0) = y(0) = 2{7(0) = 2,44(0) = 204y = G,
Py = y(h) =2 (R) =zu(h) =21y =0, i=1-m

Then we have proved (4.6). The proof of (4.7) is similar. ®

We call p;, ¢; nodal shape functions by the characteristics (4.6) and (4.7). From (4.4) and
(4.5), We see that the nodal shape functions are linear combinations of function entries of
matrices eA! and e“M(t)“. In order to see the type of functions in the spline, we only need
to examine the entries of these two matrices.

In the following, we classify the spline functions derived from control theory. This clas-
sification is based on the spectrum of the coefficient matrix A of the system (2.1) under
different circumstances. We shall concentrate on the case m = 2. The reasons are: (1) The
general situation for large m is very complicated and is difficult to describe precisely. (2)
The case m = 2 has almost all features for the general case. (3) From the practical point of

view, the case m = 2 is the most useful and important case. Let

0 1
Az(,@ 27>, ﬂ,’yERl.

The eigenvalues of A are A\; = v+ V7% + B, A2 =v— V¥ + 8.

1. 42 + 8 > 0. There are two distinct real eigenvalues. Then the Jordan matrix Aof A,

the transformation matrix Q and its inverse are given by
MO 11 » 1 A -1
= = = — . 4.
A ( 0 /\2 ) ’ Q ( /\1 /\2 ) ] Q /\2 —- /\1 ( _/\1 1 ) ( 9)

At 0 |
Mt = ( eo St ) . (4.10)

From (3.11) (by changing A to t), we have

" -1 _ 1 t 6_'\"’ 0 -1 _ 8—/\1’~ 0
M(t) - (/\2 _ )\1)2/0 0 e—/\gs 1 ( 1)1) 0 e-/\gs ds

_ 1- ‘ .(1 _ e“”\I‘)/Q/\ (c-(A1+Ag)t - 1)/(/\1 + )‘2)
= m (-(e—(A1+Az)t —1)/(M :-.-)‘2) (1 — e=2t)/2), ) ) (4.11)

and hence

Then

MM (1) = L (( (e — e /2h (e'**‘-e*“)/(hﬂz)). (4.12)

= ——()‘2 — /\1)2 e—,\lt _ e’\’t)/(/\l + )‘2) (eA,t _ e"’\")/2/\2
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l.a. v # 0, 8 # 0. In this case Ay, A2, —A;, —A2 are all distinct. We then have the
exponential spline with basis functions given by linear combinations of ef, e=*1t e*2f e=32,

1.b. ¥ =0, 8 > 0. In this case \; = —X; = /B, the basis functions in 1.a. degenerate.
However, by applying the following limits

1 e—/\gt _ ez\lt ez\lt(e—-(/\r}-z\g)t — 1) At
. ¢ TC — oM
,\g—lvrzlrh /\1 + AQ Ay "’lfgl—’o A+ /\2 te
e-—A;f _ e)qt e—Alt(l — e(A,+Ag)t)
im & = gt

/\2—1'1111\1 /\1 + /\2 A1+1{:1—'0 /\1 + /\2 ¢ ’

(4.12) becomes
R 1 (e/\lt _ C—Alt)/Q/\ _tez\yt
At -1 _. 1
e M(t)™ = Z‘;\? ( _te~Mit (e,\,t _ e"“')/‘Z/\; . (4.13)

Hence we have the exponential spline with basis functions given by linear combinations of
e\/E‘, e_\/ﬁt, teﬁt, te= VP,

l.c. 8=0,~#0. In this case, \; = 0 (if ¥ < 0), or A, =0 (if v > 0). Again the basis
functions in l.a. degenerate. Assume that A\; = 0, then A; = A = 2v. From the limits

At _ oAt
(eMf —e™ ™)

. _ . Alt _
i A
we have N
At _ 1 0 - -1 _ 1 /\t e— - 1
¢ = ( 0 eM ) ’ A/I(t) - :\3 e—/\t -1 (1 _ 6-2,\t)/2 ’ (414)
S 1 At e~ M1
At -1 _ L
eV M(t)" = \3 ( 1—eM (M- e=)/2 ) . (4.15)

Therefore we end up with the exponential spline with basis functions given by linear com-

binations of 1,¢,e2", e~2". Later we shall further show that this is the classical exponential

spline [9].

2. 42+ 8 < 0. There are two complex eigenvalues: Ay = v+ iw, Ay = 7 — ww, where
w=+=7-pB

2.a. v #0, 8 <0. Evaluating (4.10) and (4.12), we have the exponential-trigonometric
spline with basis functions given by linear combinations of e sinwt, e coswt, e sin wt,
e Mcoswt..o  * .

2b. v =0, 8 < 0. Again this is a degenerated case where A; = Ay = w = iv/—B.
Therefore (4.10) is now

oAt ( coswt + isinwt 0 ) . (4.16)

0 coswt + tsinwt

11



Taking the limit ¥ — 0 in (4.12), we then have

MM(t)! =

(4.17)

-1 sinwt/w —t(coswt + isinwt)
4w? \ —t(coswt — isinwt) sinwt/w '

Hence, we have the polynomial-trigonometric spline with basis functions given by linear

combinations of sin \/—Bt, cos /—pt, t sin /—pt, t cos /—Bt.

3. v2 + B8 =0. In this case A\; = A; = 7. _
3.a. v # 0. We have non-degenerated Jordan form in this case,

(1) () (s ) e

Therefore,
At _ 6‘“ te"’t 4t 1 ¢
et = ( 0 et 1= o1 ) (4.19)
rlay— - 1 —s /v 1 0
1 _ 2vs
M(t) _/Oe (0 1)( 4 )(1/7,1)(_81)ds
t 2
_ —2vs (1/7-3) 1/7_3 9
_ /0 e ( i T s (4.20)
After some more detailed manipulation (see the next section) we can show that this is the

exponential spline with basis functions given by linear combinations of e, te™, e™ 7, te ",

similar to the case 1.b.
3.b. 4 = 0. In this case, A itself is a Jordan matrix. We compute directly the following

A=(g(1)), ef“:((l)i), (4.21)
M(t)-1=/0'((1) ;3)(‘1’)(0,1)(_13 2)@:(_‘:{72 “t:/z). (4.22)

At M(1) = ( /6 /2 ) . (4.23)

quantities:

—t2/2 ¢t
Then we have the polynomial spline with basis functions given by linear combinations of

*= 1,1,1%,%. In the next section, we shall further show that this is the well-known cubic spline
[4].
From the above discussion, we see that we may encounter all kinds of splines by varying

parameters 3 and 7. Two g;aneral cases are 1.a. and 2.a. where we have full sized exponential

12



or exponential-trigonometric splines. Degeneration occurs when zero or multiple eigenvalues
appear. The extremal is the case 3.b. when both eigenvalues are zero. It is this extremal
case that draws most of the attention. This is evidenced by extensive investigation regarding
the cubic spline in the literature. Case 1.c. also has been investigated from a different point
of view. But we can hardly find any work regarding the other cases (except l.c. and 3.b.)

listed above.
The situation for m > 2 is similar. Let Ay, -+, Am be eigenvalues of A. When Ay, -+, An;

—A1, -+, —An are all distinct, we have the exponential spline with the basis functions given

by linear combinations of

- =Amt
e/\lt, e /\|t, oo, e/\mt’ e~ Amt

See case 1.a. When complex eigenvalues appear, we get the exponential-trigonometric splines

with basis functions e**sinwt, e™*** coswt (see case 2.a.). If we have multiple eigenvalues,

the terms like
te*  tsinwt, te Mcoswt, tleM,

will appear in basis functions (see cases 1.b., 2.b. and 3.a.). Finally, zero eigenvalues will
introduce polynomials into basis functions (see case 1.c.) and the extremal situation is that

all eigenvalues are zero in which case we recover polynomial splines of order 2m — 1 (see case

3.b.).

5. Examples of splines.

In this section, we shall work out in detail some classes of splines. We shall explicitly

" construct the nodal shape functions and the linear system needed to solve for the unknown

parameters.

1. Our first example is the case 3.b. which turns out to be the classical cubic spline. We
first construct the nodal shape functions. From Theorem 4.1 we need only to calculate the

first row of matrix (4.4) and the first row of matrix (4.5). Let t = k in (4.22), and we have

M(h) = ( _"Zf?z e )—1 -5 ( h"h/z ’f::ﬁ )

Thus from (4.21) and (4.23), we have
At At -1 (1t 1t —3/6 t2/2 \12( R R%/2
e — M) M(R) = (0 1)“(0 1)(—t2/2 t )R\ R?¥/2 R3/3
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_ ( (1) ; ) 3 ( —2t3/h3.+ 3t2/h? t(—t’/h"t+2t/h) )

A M(E) I M(h)e 4 = ( —é.t3'/.‘h3.+ 3t2/h? t(-—tz/h’.+2t/h) ) ( (1) _lh )

( —203/h3 + 3t2/? (t2/h? — t/h) ) _

Hence

() = 142057 =35 pl®) =L+ (3) = 2k (5.1
@) = 2P +3(0 @) = €Dl - 1L (52)

They are precisely the nodal shape functions for the Hermit interpolation.
Next we set in (3.8), r = 0, ¥ = (ax, B)T, and hx = hryy = h (by this, we are using

equally spaced intervals). The equation (3.8) is now
_ BT ATR MR 4+ BT [eATE M(R)e~ M + M(R)|Z* — BT M(h)e4*&*+ =0,  (5.3)

for k=1,---,n — 1. Substituting

o 1 0\ 12 R RT2) 12 1 h/2
CAhlw(h)=(_h 1)'}1—4(}12/2 h3/3)_ﬁ(—h/2 —h2/6>7

Miwett = i =2 (1, TR,

AT s 120 1 B2 1 —h\ _12( 1 —h/2
et M(h)e Ah‘ﬁ(—h/z —h'-’/e)(o 1 )‘ﬁ(—h/z h2/3 )

into (5.3) yields,

6 2 Q-1 8 Qg 6 2 A4l
2 = i (= = =0
(hz,h)<ﬁk—l )+(0’h)(ﬁk> &% Br+1 ’
or 3 .
ﬂk-l + 4ﬂk + ﬁk+1 = '};(ak«l—l - ak—l)’ k= Leeoyn— L (5-4)
In the matrix form (5.4) is .
(410 - 00\ / A \ | ( ca—ca \ [ Bo)
1 41 - 00 ﬂz a3 — 1 0
01 4 - 00 ﬂ 3 a4 — Q2 0 )
L L Jl= = -1 .| (5.5)
000 --- 41 Bn-2 Qp—1 — Qn-3 0
N A WYY

/
[l
o
[amn)
—
>

~—
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This is precisely the same linear system as we construct the cubic spline. After solving Gi’s
from (5.5), the desired cubic spline can be expressed piecewisely on the subinterval [tx_, ],

k=1,---,nas
y(t) = ap-1pr(t — tee1) + Beo1p2(t — te-1) + arqa(t — te-1) + Brqa(t — tk-1),

where py, p2, g1, 92 are given by (5.1) and (5.2).

2. The second example is the case 1.c. which is the classical exponential spline [9]. The
nodal shape functions are again derived from the first rows of matrices (4.4) and (4.5). We

use the Jordan form. let A; = 0, and A, = A (4.9), and we have

(11 IS P
o= (51) o=3(s 7'):
Using (4.14) we can calculate (by setting t = k),

M(k) = ¥ ( e"\i‘t—l (1 i:t-z_*tl)n >-1 =00 ( ¢ +61_M)/2 Ah(1 —le"’\h)'l ) ’

23
AR(1 4 e=*r) — 2(1 — e=*h)’
Recall (4.14) and (4.15), and we have

C(A) =

QeI M MBI
= (5 3) (0 & )u-52(, 2 )

T o (T
) (3 1) (K (ST
(

(
( Ah
E 1+e1— )/2 " —le-*")-l ) ( 3 —11 )

where
/\t(l + e—Ah) - (1 _ e"’\h) - e,\(t—h) + e~

=1 —-
mit) =1 M(1 + e ) — 2(1 — e ) ’

(5.6)

15



eAt_l h 1-— =Ah 4 1— At 1__%”‘— At_2+ —At
p2(A;t) = - =l ; (++ ° - i 1.2 : ]-
A 1+edh—_ol=e® AR ‘A AR AR AR
(5.7)

QeM (1) B (W) Q
cCA) ({11 1 0
x L0 A ) ( 0 eM ) ( e

( (1+ el"\")/2 - _16_M)_1 )

At
—At

-1 (1

e~ —1
_ 6—2At)/2 ) ’

(o) (o 7

(11 At M1 (1+e**)/2 e
T 0 A 1 —eM (eM—eM)/2 1 Mh(eM — 1)1
A -1
0 1
( a(Mt) @A) )
where
a(Mt) =1-=pi(At),
h l—e ™ ¢t 1-—¢M gr_—l—l eM -2 4 M
q2(’\7t)_—1+e_,\h 21—c"'\"[ \h ('E A )— \h \h

(5.6) - (5.9) are nodal shape functions for the classical exponential spline.

Next we set in (3.12), r =0, £* =

now

_(Q—IE)TC—AThM(h)Q—Ii:k—I +

« Spbstituting

Q') =

L) (O )
(

e M M(R) = ¢ C(N) (

(7T A M (R)e™™ +
—(Q—lg)TM(h)e_AhQ—lfk+l =0,

M(h))Q'z*

n-1.

k=1,---,

(_17 1)7

S| =

14 e *h)/2 1
= C( ) ( e— )b )/ /\h(e’\h _ 1)—1 ) ’

M(h)e ™ = [e=* M (h)]"

c() ( :

(1 + e"’"‘)/2 e~ Mh )
Ah(e —1)1 |

16

(5.8)

. (5.9)

(ak, k)T, and hx = hiqr = h. The equation (3.12) is

(5.10)



e_AhM(h)e—Ah = C(/\) ( (]i e_o,\h ) ( (1 * el-Ah)/2 /\h(efh_x_h 1)—1 )

Y =Mh
= C(})) ( (1 +ei,\h 12 Ahe-,\h?ehh — 1) ) :
into (5.10), canceling C())/A?, we have
—Ah - -
"‘(—1,1)( (1 +ei,\h )/2 /\h(e,\hl_ 1)—1 ) ( 6\ 11 ) ( 6:_1 )
14 eh 14 e A
+(_1,1)( 1+ e=Hb Ah(1 +e'2’\h(1 _e-,\h)—l ) ( 0 ) ( )

_(_1,1)( (1 +e:1'*")/2 /\h(ef:_hl)-l ) ( 3 —11 ) ( g:: ) %

1 —e 2 2 \he~?h AR(1 4 e~k -
) (Br-1 + Brs1) + [‘_g‘t?ﬁ'_) - (1+ ™M)k

or

2(1 -
1 — et
= A ) (ak+1—ak_1), k=1,---,n—1. (511)
This is the linear system for the exponential spline, it can be written in the matrix form as
[ a(\h) b(AR) O .- 0 0 [ B
b(A;R) a{A;h) b(AR) --- 0 0 B2
0 b(A; k) a(A;h) .- 0 0 B3
0 0 0 a(Ah) B(Ah) || Baa
\ 0 0 0 - b(XhR) a(Ah) )\ Baor )
/ az—ap / b(A; &) Bo \ )
a3 — 0
3 a4 — Q2 0 .
= — - 12
. h . : ? (5 )
Qp-.y) — Qn_3 0

\ an—anz |\ B(Ah)Ba )

where
—2MRY _ (1 _ -—2)A _ _=2\h _ Y
AR(1 + e )—(1-e¢ ), b(A;h)=31 e 2\he
AR(1 — e—2h)2 Ah(1 — e=h)?

a(A;h) =6

Again, after finding B’s, the spline can be expressed piecewise by the nodal shape functions. -
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It is interesting to examine the limiting case for the exponential spline obtained above.
Applying the L’Hospital’s rule three times, we are able to verify that
lima(); k) = 4, }\131) b(Ah)y=1. ° (5.13)

A—0

We then recover (5.5), the tridiagonal systems for the cubic spline. Further we can verify

that (by successively using the L’Hospital’s rule)

limau (k) = St = 1= (5 = 1 = (3)° = =25 +3()" = a(0),

:1(t) is one of the nodal shape functions for the cubic spline given by (5.2). The other three
nodal shape functions can be verified similarly. So the cubic spline is the limiting case for

the exponential spline 4.1.c. when A — 0. This is not a surprise from the following limit

regarding matrix A of the system (2.1),

(01 0 1 )
l‘_‘?c‘)(o A)“(o 0)’ (5.14)

where the left hand side is the matrix A for the case l.c., and the right hand side is the

matrix A for the case 3.b. We can also examine the limit when A — co where

}im a(A; h) = 6, /\lim b(A; k) =0, (5.13)

lim py(At) = 1— =, lim qu(X2) = = 516
ALI{.IQPI( ’ )— _;;, ,\LH;IOQI( ' )'— ha ( . )
}im p2(X;t) =0= l\lim q2(A; ). (5.17)

Substituting (5.15) into (5.12), we then have 8y = (ax41 —k-1)/2h , k=1,---,n—1, which
is the central difference scheme. We see that (5.16) gives the nodal shape functions for the

linear interpolation. In order to verify (5.17), it is convenient to rewrite

h e~ b (A + 2)e*h 2 h
p(Nt) = - : “3h —\h Y (3 - —Ah)
M -2 1-e (AR = 2)[M(1+e ) —2(1—e M)A 1—e
1 CN) g e =2 MR M h e
—_ = — [ — — — — -2
3 T THLm e+ T T T Toeme 2k
. _ C(A) o 1 — e"“ e—Ah _ e,\(t-h) h(eA(t-h) _ 2e—Ah + e—)\(:+h))
aXt) = S ltl-e )+ —F—+ ;) + 1— ek

So the linear spline (the piecewise linear interpolation) is the limiting case for the exponential

spline 4.1.c. when A — 0.
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3. The third example is the case 2.b. when 8 = —w?, v =0 and
0 1
a=( % 0).

C: = wh? —sin®wh, C;= %sin 2wh +wh, Cs3=sintwh, C4= %sin 2wh — wh.

Denote

Following the same procedure as the first example, we have the nodal shape functions as

following
Cipi(t) = Cicoswt + Ca(sinwt — wt coswt) — Cawt sinwt,
Cip2(t) = wh?sinwt — Catcoswt + Cytsinwt,
a(t) = 1-p(t),
Cig2(t) = hsinwh(sinwt — wt coswt) — tsinwt(sinwh — wh coswh).

When evenly spaced intervals are used, the tridiagonal system for unknowns B is given by
b(w; h)Bicr + alw; B)Be + b(w; B)Biss = clwi B)(aes — aict), k=L, (5.18)
where
a(w; k) = 2wh —sin2%wh, b(w;h) =sinwh — whsinwh, (w; h) = wlhsinwh.

It is easy to verify that,

3a(w; h) 3b(w;h) 3c(w;h) 3
wesd (wh)? Lo (wh)3 =L im (wh)® — R’

which are the coefficients for the tridiagonal system of the cubic spline. We can also verify
that at the limit w — 0, the nodal shape functions p;(w;t) and ¢i(w;t), ¢ = 1,2, have the
relative nodal shape functions of the cubic spline as their limit when w — 0. Indeed, we

recover the cubic spline from this trigonometric spline when w — 0.

4. The fourth example is the case 3.a. where 8 = —~?% and
0 1
(2 0).

C=1-22h 4 e _4ytple 0k,

Denote
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Computing the first rows of matrices et — eA*M(t)*M (k) and e M(t)"'M(h)e~4* we
have the nodal shape functions

Cpi(t) = e "M (2yh —292h% — 4t +29%ht — 1) + ™™ (1 + 4t)

+e” 7R (4t 4+ 292ht — 2vh + 297RP - 1) + e "= (1 — 41),
Cpa(t) = t(e™"h 9 4 o) 4 e 7Ch=8(2qht — 2yh? — t) + VPP (29R% — ¢ — 27ht),
qa(t) = 1-p(),

Cqa(t) = e "A=D(h —t — 2yht) + (e 7MY 4 = 7=0) (¢ — h) 4+ 7" A+ (2yht + h — 2).

Evaluating (5.3) in the current case, we get the tridiagonal system (5.18) with

a(w;h) =a(y;h) = e™(1 - e~ _ 4yhe?H),

b(w; h) = b(v;h) = e (1 + vh) — (1 — vh),

c(w;h) =c(v;h) = F*A(1- e ).
Again we can verify that the cubic spline is the limiting case for this exponential spline when
~ — 0.

5. Our last example is a case for m = 3 when

010 }
A=|0 01}, (5.19)
000 '
The system (2.1) with A given by (5.19) produces the quintic spline. In this case,
1t t3/2
e = (01 t |, - - (5.20)
00 1 B
. t5/(20) —ti/8 t3/6 -
M@ = / AT AT gs = | —t1/8  £/3 —t2/2 |, (5.21)
0 t3/6  —t?/2 ¢
240/h% 120/h* 20/A3
M(R) = [M(R)']7' =3 120/R* 64/h% 12/R* |. (5.22)
20/k® 12/h* 3/h

Using (5.20) - (5.22) to compute the first rows of matrices e#* — e4*M(t)~* M (k) and
et M(t)"'M(h)e~4*, we then have the nodal shape functions for the quintic interpolation:

by o= B s e =2 _ane 46
n) = Lo, a = -ste,
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p(t) = (L};it—)a[ht + 3%, ¢(t) = ;;[h(t — h) — 3¢%),
pa(t) = (h;%-, g3(t) = _t__(t2_;3_h)_

In order to compute the parameters for the optimal control, we set in (3.8) r = 0,1 =

(ak, By ve)T, and ki = hip1 = k. Then except (5.3), we also have

— (AB)Te AR M ()T + (AB)T[eATAM (R)e~*h + M(h))Z* — (AB)T M(h)e~#h&*+! =0,
(5.23)
for k = 1,---,n — 1. Substituting (5.20) - (5.22) into (5.3) and (5.23), after some tedious

symbolic manipulation, we have the following linear system,

20
h

8(Brs1 = Br-1) + A(=Yeo1 + 6% — Yer1) = 7 (fa-1 — 2fi + fr41); (5.24)

15
TB8x_1 + 168k + TBk+1 + A(Ye-1 — Vk41) = Z'(fk-f-l = fr=1), (5.25)

for k= 1,---,n — 1. If we arrange the unknowns as (81, k1, ", Bn-1,AVn-1), we will get
a linear system with a banded 6-diagonal coefficient matrix; if we arrange the unknowns

as (B1,- - Ba-1. b7, oy R Y) = (ET, h3T), we will have a linear system with a block

tridiagonal coefficient matrix.

s ETI[F ) _I[Ff
e 5 |5 ]= 15 ) 020
where
16 7 0 0 0] [ 6 —1 0 0 0]
7 16 7 0 O -1 6 —1 0 0
0 7 16 0 O 0 -1 6 0 0
S= . y H= )
6 0 0 -.- 16 .7 0 o 0 .- 6 —1
. 0 0 0 -~ 7 16 | 0 o 0 .-- -1 6 |
[ 0 10 00
-1 01 - 00
0 -1 0 00
E= . 1
0 00 01
| 0 0 0 - -1 0
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[ 15(f2 — fo)/h — TBo — ko ] [ 20(fo —2f1 + f2)/h + 8Bo + Ao
15(fs — fi)/h 20(fr — 2f2 + f3)/h
15(fa — f2)/h 20(f: —2fs+ fa)/h

i5(fn—1 — fa-3)/h .20(fn-3 —2fa2 + fa1)/h
L ls(fn - fn-Z)/h - 7,511 + h'?’n J L 20(fn—2 - 2fn—1 + fn)/h - 8ﬂn + h?’n J

In general, if A is a m x m nilpotent matrix with 1's on the super diagonal and 0’s

elsewhere, we shall recover all odd degree polynomial splines (with degree 2m — 1).

6. Numerical experiments.

In this section, we test the behaviors of different splines numerically. Equally spaced

intervals are used for all computations.

Example 1. Comparison of the cubic spline with the quintic spline.

0 -1<t<0
f(t)={1/2 t=0

Test function 1.

1 0<t<Ll

For the cubic spline, we pose, in (5.5), the boundary conditions:
ﬂO =0= ,Bn;
and for the quintic spline, we pose, in (5.25), the boundary condition:

ﬂ0=0=,3m 70=0='7n-

Recall that §; and «; are the coefficients for the first and the second derivatives, respectively.
The spline functions are then constructed for A = .2, h = .1, h = .05, and h = .025. Graphs
are plotted in Figure 1(a), 1(b). We see that the qualitative behavior of the two splines are
almost same, but the quintic spline has a little better accuracy.

One interesting phenomenon is that the mesh refinement does not effect the maximum
overshoot of the spline approximation. Since this is very similar to the Gibbs phenomenon
for the Fourier series, we term it as “Gibbs phenomenon” of splines. In fact, all spline
functions have this property.

Test function 2.
g(t) = e 1<t <0.
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For the cubic spline, we pose the boundary conditions:
Bo = —30e'°, B, =0;
and for the quintic spline, we pose the boundary conditions:
Bo=—30e®, B,=0, = =960e° ~,=0.

We use the mesh size h = .2, and plot the graphs in Figure 1(c), 1(d). We see that the
quintic spline gives much better approximation in the neighborhood of z = —1 since it has

the correct concavity information at £ = —1 which the cubic spline does not have.

Example 2. Properties of the classical exponential spline case 1.c.

The test function is the same f(¢) as in Example 1. We have observed that for small
parameter \, the behavior is much like the cubic spline. This is not surprise from (5.14). The
interesting fact is: For the moderate ), the graph is very much the same as the cubic spline
(Figure 2(a)). If we fix the parameter A and refine the mesh, we observe Gibbs phenomenon
as in the cubic and the quintic splines. But if we fix the mesh (here we choose h = .1) and
increase the parameter ), we see that the approximation converges to the piecewise linear

function (Figure 2(b), 2(c), 2(d)). This confirms our theoretical analysis made in Section 3.

Example 3. Properties of the exponential spline case 3.a.

We use the same test function f(t) as in the examples 1, 2.

For small parameter 7, the approximating feature of this spline is also like the cubic spline
including the Gibbs phenomenon. But when we fix the mesh (here h = .1) and increase the

parameter v, an unexpected wiggling appears at t = 0 (Figure 3(a)-3(d)).

Example 4. Properties of the exponential spline case 1.a.

0 1
= )

and we have \; = —1, A, = —2. Again, the testing function is f(¢) as in the previous

Here we choose

examples.
We plot the approximation for & = .1, A = .05, h = .025 in Figure 4(a), 4(b), 4(c),

respectively. again, we observe the similar behavior as that of the cubic spline.

Conclusions
1. Gibbs phenomenon exists for all splines.

2. The quintic spline is recommended if the concavity is important.
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3. From the approximation point of view, the classical exponential spline is preferred

when the function has points of discontinuity.

A final remark.

For the discussion purpose, we constructed spline approximation in this paper by intro-
ducing the nodal shape functions which is not necessary in practical computation. From the
framework we have established based on the control theory in Section 3, all we need to do
is: providing the matrix A, the vector b to the linear system (3.8), solving (3.8) numerically
to obtain £*’s, and hence the control law u(t) (see (2.9)). After we have the control u(t), the
expected spline function is given by the first component of £(t) defined by (3.13). Based on

our analysis, we are able to choose different splines by simply selecting entries of the matrix

A.

The significance of this investigation is two fold: first, it exposes the relationship between
two important fields - control theory and spline approximations. This enables us to discover
new spline functions and to investigate, systematically, the properties of the spline approx-
imations. Secondly, it provides a practical way to construct different splines from a same
simple framework. From our experience, we feel that this construction is more natural and

easier than the traditional approach.
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Figure 1.
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Figure 3
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Figure 4.
(a)
Special case with h=.1
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